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Abstract

In this paper, we develop an off-policy method for continuous-time reinforcement
learning (CTRL), where the system dynamics are governed by an unknown stochastic
differential equation (SDE) and only discrete-time trajectory data are available. A
central challenge is that the classical state-action value function Q(s,a), which enables
off-policy learning in discrete-time RL, does not exist in CTRL (Baird, 1994, Jia and
Zhou, 2023, Tallec et al.; 2019). On the other hand, continuous-time control provides
local notions such as the instantaneous advantage function ¢(s, a), but these typically
rely on on-policy data. To address this, we introduce a new definition of the state—action
value function in CTRL and derive its governing equation.

Building on the PhiBE approximation (Zhu, 2024, Zhu et al., 2025), we propose
iterative algorithms to approximate the optimal Q-function in both model-based and
model-free settings using only discrete-time off-policy data. Under linear function
approximation, we establish convergence guarantees and derive explicit convergence
rates for the proposed method.

1 Introduction

Reinforcement learning (RL) has achieved remarkable success in the digital world, including
AlphaGo (Silver et al., 2016), Atari gameplay (Mnih et al.; 2015), and the fine-tuning of
large language models (Ziegler et al.; 2019). A key feature underlying these successes is that
the system state remains static between observations. This property is natural in digital
settings, making such environments well suited to RL algorithms built on the Markov decision
process (MDP) framework. However, decision-making in the physical world departs from
this digital paradigm in two fundamental respects. First, the objective is not merely to
maximize rewards at the discrete times when data are observed, but to control performance
continuously over time, including during periods without observations. In dynamic treatment
regimes, for example, a patient’s physiological state (e.g., glucose level) evolves continuously,
while measurements are only taken intermittently. The clinical goal, however, is to regulate
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the state at all times (Battelino et al., 2019, Cobelli et al., 2009, Emerson et al., 2023). RL
in the physical world thus poses a substantially more challenging objective than its classical
counterpart. Second, many physical systems exhibit structured and smooth continuous-time
dynamics, a feature that is largely absent in digital environments and not exploited by the
MDP framework. RL in the physical world are also known as continuous-time reinforcement
learning (CTRL) (Wang et al., 2020).

Off-policy learning is equally critical in real-world applications (Ma et al., 2020, Sutton
et al., 1998, Watkins and Dayan, 1992). Off-policy data consists of trajectories generated
under a behavior policy that differs from the target policy, and the behavior policy may be
unknown. Leveraging off-policy data can substantially improve sample efficiency, particularly
in domains where data collection is costly, such as healthcare. Moreover, it enables the use of
existing datasets, which is critical in settings where exploration is unsafe, such as autonomous
driving.

The central question this paper studies is: what is a principled framework for CTRL
when the system evolves according to an unknown stochastic differential equation (SDE), yet
only discrete-time off-policy observations are available?

Existing work has largely followed two directions. The first approach seeks to reconstruct
the underlying continuous-time dynamics from discrete observations and subsequently solve
the induced optimal control problem using tools from stochastic control (Agarwal et al.,
2020, Kamalapurkar et al., 2016, Yang et al., 2014, Yildiz et al., 2021). This approach has
two appealing features. First, the system dynamics depend only on the state and action,
therefore, it is independent of the policy, making it naturally suited for leveraging off-policy
data. Second, it preserves the continuous-time structure of the problem. However, this
approach also faces two fundamental limitations. First, identifying a continuous-time model
from discrete observations is inherently ill-posed: in general, infinitely many continuous-time
dynamics can induce the same discrete-time transition law (Zhu et al., 2025). As a result,
model misspecification is unavoidable in practice and may lead to suboptimal policies. Second,
the approach decomposes the problem into model identification and control optimization,
each introducing its own source of error. When the ultimate goal is to find the optimal policy,
explicitly estimating the underlying dynamics may be unnecessary and potentially inefficient.

The second approach instead reformulates CTRL as a discrete-time MDP and applies
standard model-free off-policy RL algorithms, such as Q-learning or conversative Q-learning
(Kumar et al., 2020, Watkins and Dayan, 1992). These formulations rely solely on discrete-
time transition dynamics, thereby avoiding the unidentifiability issues inherent in the first
approach. In addition, model-free RL methods directly learn the optimal policy without
explicitly estimating the underlying dynamics, providing a simple and broadly applicable
framework across different systems. However, this approach also has two notable limitations.
First, discrete-time RL algorithms do not exploit the SDE structure of the underlying
dynamics. Instead, they treat all systems the same, leading to inefficient use of information
and potentially suboptimal policies. More specifically, the learning error can be highly
sensitive to both system parameters and reward functions (Zhu et al., 2025). Second, off-
policy learning in the MDP framework is typically based on the action—value function Q(s, a)
(Watkins and Dayan, 1992). As observed in (Baird, 1994, Jia and Zhou, 2023, Tallec et al.,
2019), in the continuous-time setting, the state-action (s, a) function can be viewed as a
small perturbation around the state value function V' (s), implying that its variation across
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actions is small, which makes it difficult to accurately distinguish between actions. To address
this issue, these papers propose a rescaled advantage function ¢(s,a) to amplify variation
in the action space. However, this construction depends on V' and thus cannot be directly
applied in the off-policy setting (see Section 3 for a detailed discussion).

We tackle this challenge in two steps. First, we introduce a new definition of the state—
action value function @). In classical RL, a key advantage of the Q)-function is its ability
to handle off-policy data, whereas the value function V' does not share this property. This
distinction arises because the discrete-time Bellman equation for ) depends only on the
transition distribution under a given action a, while the Bellman equation for V' depends on
the transition induced by a policy 7. Our first contribution is to define a continuous-time
Q-function that preserves this advantage. Specifically, the proposed @Q-function satisfies
two properties: (i) it does not degenerate to the state value function V', unlike standard
continuous-time limits of RL formulations; and (ii) its governing equation depends only on
the dynamics under action a, not on any policy 7.

The second step is to develop a new iterative algorithm to approximate the optimal value
function @*. We begin with an algorithm for the setting where the underlying dynamics are
known, and provide a rigorous error analysis with convergence rates under linear function
approximation. Building on this, and leveraging the PhiBE framework (Zhu, 2024, Zhu
et al., 2025), we propose a continuous-time analogue of model-free Q-learning (Watkins and
Dayan, 1992). This is the second key contribution of this paper. The proposed algorithm for
off-policy continuous-time RL combines the strengths of continuous-time control and classical
RL while avoiding their key limitations. Compared to the model-based control approaches, it
relies only on discrete-time transition data and does not require explicit estimation of the
underlying dynamics. In addition, it is a model-free algorithm in the sense that the update
rule is invariant across different systems. Compared to standard RL algorithms, it explicitly
exploits the SDE structure of the dynamics, integrating discrete-time observations with
continuous-time evolution. Moreover, the resulting ()-function is not a vanishing perturbation
of the value function V', which makes the formulation well-posed and numerically stable in
the continuous-time limit.

Contributions. We summarize the main contributions as follows.

e We introduce a new state—action value function () for CTRL and derive its governing
equation, which enables off-policy learning in continuous time.

e We develop an iterative algorithm to approximate the optimal state-action value
function under known dynamics, and establish error bounds and convergence rates
under linear function approximation that remain well-posed as the time discretization
tends to 0.

e When the dynamics are unknown, we propose PhiBE-(Q)-Learning, a model-free algorithm
that effectively leverages off-policy data and the SDE structure for CTRL problems.



1.1 Related work

1.1.1 standard Discrete-time RL

Classical reinforcement learning (RL) methods such as Q-learning (Watkins and Dayan,
1992), DQN (Mnih et al.; 2015), provide a powerful framework for off-policy learning in
discrete-time setting. Our approach draws inspiration from these algorithms. Our update
rule is an analogue of Q-learning (Watkins and Dayan, 1992) in continuous-time.

In discrete-time Q-learning, convergence typically relies on the discount factor v < 1, which
ensures that the optimal Bellman operator is a contraction mapping (Bertsekas, 2012). In
the continuous-time setting, the corresponding discount factor takes the form v = e #2t — 1
as the time discretization At — 0. This limit would, in principle, destroy the contraction
property and lead to ill-conditioned or diverging guarantees. In this paper, we refine the
error bounds in terms of At. In particular, we establish convergence and stability results
that are uniform in A¢. We show that, when the underlying dynamics follow an SDE, the
additional regularity of the system yields well-conditioned guarantees even At — 0. Similar
results are also derived in other CTRL papers under different settings (Mou and Zhu, 2024,
Zhu, 2024, Zhu et al., 2025).

1.1.2 Continuous-time RL(CTRL)

A number of recent works have investigated continuous-time reinforcement learning
(CTRL), where the system dynamics are modeled by SDEs (Jia and Zhou, 2022a,b, Kim
and Yang, 2020, Szpruch et al., 2024, Wang and Zhou, 2020). In particular, (Wang et al.,
2020) connects CTRL with stochastic control with several extensions developed in subsequent
works (Jia and Zhou, 2022b, Szpruch et al., 2024). These methods typically enjoy strong
theoretical guarantees and exploit the SDE structure when continuous-time data are available.
However, they face three major limitations in settings with discrete-time off-policy data. First,
when applied to discrete-time observations, these algorithms do not fully exploit the SDE
structure of the underlying dynamics. Second, many approaches depend on long trajectories
spanning from an initial state to a terminal state, which restricts applicability when only
fragmented or short trajectories are available. Finally, the ¢ function defined in (Baird,
1994, Jia and Zhou, 2023, Tallec et al., 2019) remains dependent on the value function V,
preventing straightforward use of off-policy data. These limitations motivate the development

of methods that can learn directly from discrete observations, leverage off-policy samples in
CTRL.

1.1.3 PhiBE

To enable learning directly from discrete trajectory data, (Zhu, 20241) proposed the PhiBE
framework, which explicitly accounts for discretization effects and leverages the SDE structure.
By doing so, PhiBE improves the accuracy and efficiency of learning from discrete trajectory
data in stochastic continuous-time systems. At the same time, PhiBE still leaves certain
aspects unaddressed. In particular, existing PhiBE algorithms do not fully support learning
from off-policy data. This work extends the PhiBE framework to address the off-policy data
utilization. Our method aims to find the solution of PhiBE instead of the original HJB



equation, thereby retaining PhiBE’s key advantage of handling the discrete trajectory data.
Moreover, by introducing a new definition of the continuous-time action-value function @,
we derive an analogue of the optimal Bellman equation on () independent of policy 7. This
formulation allows the algorithm to utilize trajectories generated under different policies.

Finally, we emphasize that our attention in this paper is restricted to the convergence
rate when there are enough data. The finite sample error (Muehlebach et al.; 2025, Zhao
et al., 2025, Zhu, 2024) is left for future work.

1.1.4 Classical HJB solvers

Our iterative method under known dynamics shares the same intuition as classical
numerical schemes for HIJB equation (Feng et al., 2013, Schaeffer and Hou, 2016). However,
the key difference lies in the formulation and convergence mechanism. Traditional finite-
difference methods approximate the HJB equation by discretizing the state space on a grid,
which requires careful mesh design and often imposes CFL-type constraints on the grid
spacing to ensure stability and convergence. In contrast, our approach avoids explicit spatial
discretization by approximating the Galerkin projection directly from trajectory data. This
eliminates the need for grid-based computation and CFL conditions, making the method
more flexible and better suited for data-driven implementations in CTRL.

Moreover, based on the PhiBE framework, our method could extend to a model-free
algorithm when the dynamics are unknown. Specifically, it can directly approximate the action-
value function without requiring explicit knowledge of the system dynamics. Here “model-free”
means that the update rule remains unchanged across different forms of underlying dynamics,
allowing the algorithm to adapt automatically without model-specific modifications.

1.2 Notation and Organization

Notation We define weighted L2-norm as follows

(f.g) = / f(s,@)g(s,a)u(s, adsda, |f] = (. 1)

Here, 1(s,a) denotes the probability density of the off-policy data distribution, supported on
a compact set Q C R? x R™,
For vector z € R”, and function f(s,a), we define [|-||,, |||, as follows,

n
2
Izl =Y 2%, Ifle= suwp IIfll,
=1

(s,a)eN

If no specific remark are given, then V, V? refer to V,, V2.

Organization. Section 2 introduces the problem setup. Section 3 presents the new state—
action Q-function. Section 3.2 develops the algorithm under known dynamics and establishes
its theoretical guarantees, while Section 3.3 derives the model-free algorithm for unknown
dynamics. Section 4 reports numerical experiments that validate the theory.



2 Preliminary

2.1 Stochastic optimal control

We consider a continuous-time stochastic optimal control problem defined on a filtered
probability space (€2, F, {F:},P). The state process {s;};>o takes values in R? and evolves
according to a controlled stochastic differential equation (SDE):

dSt = b(St,at> dt+0(8t,at) dBt7 (].)

where b : R? x A — R? is the drift term, o : R? x A — R%* is the diffusion term, and B, is
a k-dimensional standard Brownian motion. At time ¢, the agent takes an action a; = 7(s;)
according to a feedback control. Here the feedback control is defined as a deterministic
mapping 7 : R — A from the state space to a compact action space A C R™. Given a fixed
policy 7 and initial state sy = s, the value function is defined as

V() = E [ /0 " ey, m(51)) dt

=3 @)

where § > 0 is the discount rate. The goal of stochastic optimal control problem is to find
the optimal feedback control that maximizes the value function,

7*(s) = argmax, V7(s), V*(s)=V" (s). (3)

We assume the following assumption to ensure the well-posedness of the above stochastic
control problem.

Assumption 1. (i) The action space A is compact; the functions b(s,a), o(s,a), and
r(s,a) are continuous in a, and locally uniformly Lipschitz continuous in s. The reward
function (s, a) is uniformly bounded.

Moreover, the optimal value function V*(s) and the optimal feedback policy 7* defined in
(3) satisfy

BV*(s) = ilelg[r(s, a) + (LoxV*)(s,a)], 7*(s)=arg 31613[7“(5, a) + (LoxV™)(s,a)],

Here

1
Lys =b(s,a) -V, + 5zz(s, a) : V2 (4)

with 3(s,a) = o(s,a)o " (s,a) € R and X(s,a) : V2 = 3, ;5(s, a);;05,05,. We refer readers
to (Fleming and Soner, 2006, Pham, 2009, Yong and Zhou, 1999) for detailed accounts of the
classical stochastic control theory.

2.2 Reinforcement learning

In the setting of reinforcement learning, the dynamics of the environment, i.e., b(s, a), o(s, a)
are unknown. We assume access to discretized information, either in the form of transition
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densities
pai(s' ] s, a), RYx R4 x A — 0, 00),

which denotes the probability density function of sa; given sg = s and a(7) = a for 7 € (0, At),
or a dataset of transitions

{(si, @i, s3,7m3) Fimy,s (8i,ai) ~ (s, a), s~ par(-|si,ai), i =1(si0a). (5)
Here the actions {a;}!" , are generated by some (possibly unknown) behavior policy and are
not controlled by the learner. Note that we consider a piecewise constant control where the
action is frozen at the left endpoint, i.e., a; = aq for t € [0, At] in the data set, while the goal
is still to find the optimal feedback control 7*(s) defined in (3).

2.3 PhiBE

As indicated in (Zhu, 2024, Zhu et al., 2025), the optimal-PhiBE provides a better
approximation to the continuous-time optimal control problem compared to the Bellman
equation when the underlying dynamics are smooth or the reward function oscillates, as
it preserves the underlying SDE structure. Therefore, in this work, we adopt PhiBE to
approximate the value function. The first-order Optimal-PhiBE corresponding to (Zhu et al.,
2025) is given by

Definition 1 (PhiBE).

BV*(s) = sup {r(s, ) + £,V ()} (6)
acA
where )
bs.a) = < / (s' — 8)pa(s/]s, a)ds’

) 1 (7)

Y(s,a) = Y /(s’ —5)(s' — 5) " pac(s']s, a)ds’

As shown in Theorem 3.5 of (Zhu et al., 2025), under suitable regularity conditions on
the dynamics b and o, the optimal policy 7*(s) derived from PhiBE achieves an O(At)
approximation to the true optimal policy, when evaluated in terms of the true value function
under the respective policies. We will use the PhiBE formulation in Section 3.3 when only
discrete-time information are available.

3 PhiBE Q-Learning

In this section, we aim to find a method leverages the off-policy data. Off-policy data
refers to experience collected under a behavior policy that is different from the target policy
being optimized, in which the behavior policy may be unknown. Off-policy learning plays a
crucial role in continuous-time reinforcement learning (CTRL). By allowing the use of data
generated under arbitrary behavior policies, it significantly improves sample efficiency and
makes it possible to reuse trajectories, which is especially important when collecting new



data is costly. Furthermore, in many practical applications such as healthcare or autonomous
driving, exploration is inherently risky. Off-policy learning provides a way to leverage existing
datasets without requiring unsafe interactions. It also helps reduce the limitation caused by
using data only from the current policy, enabling learning to reach an optimal policy.Finally,
the ability to separate safe data collection from optimal policy optimization highlights the
practical necessity of off-policy methods for CTRL, motivating our extension of PhiBE to
this setting.

In standard RL, the key reason why (s, a) naturally supports off-policy learning is
because the Bellman equation

Q" (s,a) = 7(s,0) + v Eyp(isa) (Bamn(ls) [Q7(5',a)]) (8)

is determined by the unknown transition dynamics p(-|s, ) independent of the target policy
7. While the Bellman equation for the value functions V7 (s)

V7(s) = r7(s) + 7 Esnpr(is) (V7(5))

is determined by the unknown marginal transition kernel p™(s'|s) = [ m(als) p(s']s,a) da,
which explicitly depends on 7. As a result, when data are generated from a different behavior
policy, the estimation of V™ is inherently biased if the off-policy data is directly applied. In
contrast, the Bellman optimality equation for Q*(s,a) is conditioned directly on (s, a), and
the transition kernel p(s'|s,a) depends only on the environment dynamics, not on w. Thus,
any sample (s,a,s’,r) collected under an arbitrary behavior policy provides an unbiased
estimate of the right-hand side of the Bellman equation, making off-policy learning feasible
for Q.

Although the Bellman equation for V™ (s) can, in principle, be adapted to off-policy
learning by applying importance sampling to correct for the mismatch between the target
policy m and the behavior policy, this approach faces two challenges in practice. First,
importance sampling often leads to high variance, especially in long-horizon problems or when
the behavior and target policies differ substantially. Second, the behavior policy itself may
be unknown, making it difficult to compute the required importance sampling ratios. These
limitations motivate the use of Q)-functions, whose Bellman equation is naturally off-policy
without requiring such corrections.

A direct generalization of the discrete-time action-value function Q7 (s, a) to the continuous-
time setting is not feasible. As proved in (Jia and Zhou, 2023, Tallec et al., 2019), the
discrete-time action-value function Q7%,(s, a) defined as

QZt(Sv (Z) =E a;~m(-|s;),i>1 [Z ’}/i’l“(Si, ai)|30 =S,a0 =0 (9)

sit1~pae(+si,ai),i>0 -2

will converge to V™ as At — 0. The reason is that, as the discretization step At — 0, the
duration over which an action influences the environment also vanishes. In this limit, the
effect of choosing action a at state s becomes negligible, and the action-value function Q™ (s, a)
effectively degenerates to the value function V7™ (s).

In (Jia and Zhou, 2023, Tallec et al.; 2019), the authors propose an action-value function



defined as
qﬂ(& CL) = T(S7 a’) + [‘Cb,EVﬂ](& a) - BVW(S)v

where [Lyxf](s,a) == b(s,a) - Vf(s) + 35(s,a) : V?f(s). However, this formulation depends
on V7™ which still requires on-policy transitions generated by m. Therefore, to handle the
off-policy data setting, we introduce a modified definition of the action-value function in the
CTRL framework.

In Sections 3.1 and 3.2, we begin by analyzing the known-dynamics setting, where
the continuous transition dynamics (b, ) are assumed to be known. Moreover, we derive
an iterative algorithm and establish the exponential convergence of the proposed scheme.
Section 3.3.1 further demonstrates that PhiBE allows us to extend the analysis from known
dynamics to the unknown-dynamics case, where only discrete transition dynamics pa(s'|s, a)
are available. Finally, Section 3.3.2 also presents a model-free, off-policy data-driven algorithm
that implements the proposed method when the dynamics are unknown and only discrete-
time data is available, followed by numerical experiments in Section 4 to demonstrate the
performance of the approach.

3.1 Continuous-time state-action value function (s, a)

Definition 2 (Continuous-time Bellman equation for Q™ (s, a)).

Q"(s,a) =r(s,a) + Los [Eaur(Q)] (5,0) + (1 = B)Eanr[Q" (s, a)] (10)

Several remarks on the definition of ™ are in order.
First, comparing (10) with the continuous-time Bellman equation for V™ defined in (2),

BVT(s) =17(s) + Lyn 5=V (s), () = Eaur[b(s,a)], X7(s) = Euur[X(s,a)],

we see a key structural difference. The operator in (10) is governed by the dynamics
(b(s,a),X(s,a)), and therefore does not depend on the target policy 7. This mirrors the
discrete-time Bellman equation for Qa, in (8). In contrast, the dynamics for V™ depend
on (b™,3™) and thus on 7. Consequently, when the dynamics are unknown, Q™ naturally
accommodates off-policy data, whereas V™ does not.

Second, the continuous-time Q)™ can also be viewed as the sum of the value function and
the instantaneous advantage function:

QW(S G,) — lim Qgt(& CL) — VKt(‘S)

At—0 At +V (8)7

where Q7}, is defined in (9) and V{,(s) = Eour[QR, (s, a)]. As shown in (Jia and Zhou, 2023),
instantaneous advantage function is given by

q"(s,a) = r(s,a) + [LV7](s,a) = BV7(s). (11)



Accordingly, Q™ can be written as
Q" (s,a) =r(s,a) + [LVT](s,a) — BV™(s) + V™ (s). (12)
Taking expectation over a ~ 7 yields
EanrQ(s,a)] = 17(5) + Lyr 5=V (s) = BV7(s) + V7 (s) = V7(s),

where the last equality follows from the Bellman equation for V7. Substituting V™ (s) =
Eor|Q7(s,a)] into (12) recovers the continuous-time Q-Bellman equation (10).

Third, we adopt the formulation in Definition 2, rather than (12), because it expresses
the equation entirely in terms of the Q)-function. This avoids the need to explicitly compute
V7™ and is essential for off-policy learning.

Next, we define the continuous-time optimal Bellman equation for Q*(s, a) as follows.

Definition 3 (Continuous-time optimal Bellman equation for Q*(s, a)).
Q*(s,a) =r(s,a) + Lpx [maax Q*(s,a)] + (1= p) [mgx Q*(s,a)]. (13)

To verify that this equation is consistent with the standard RL relation V*(s) =
max, @Q*(s,a), we provide a formal proof below. Define the operators

To(Q) = r(s.a) + Lon[maxQ(s. )] + (1 - ) [maxQ(s,a)]. (14)
Ty (V) = max (T(s,a) F[LoxV](s,a) + (1 — B)V). (15)

a

Let @* denote the fixed point of T, i.e., To(Q*) = Q*. Define V(s) = max, Q*(s,a). Then

Ty (V) = max <r(s, a) + [LysV](s,a) + (1 — ﬂ)V)

a

= max (r(s, a) + Ly [mgx Q*(s,a)] + (1 —B) [m(?x Q* (s, a)])

a

Hence, V is a fixed point of the operator T},. Since V*, the optimal value function, is also

the unique fixed point of T}, (by the existence and uniqueness of the solution to the HJB

equation), we conclude that V = V*. Consequently, the identity V*(s) = max, Q*(s, a) holds.
We summarize several key properties of the continuous-time Q)™ and Q* as follows:

e The function Q™ (s, a) admits the equivalent definition

T IR QZt(& CL) B VKt(S)
@(s,a) = lim At

+ V7™(s).

e The solution to the continuous-time @)-Bellman equation (2) is consistent with the value
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function V™ in (2), in the sense that
Eor|@Q7(s,a)] = V7(s).
e The solution to the continuous-time optimal Q-Bellman equation (3) satisfies

max Q*(s,a) = V*(s) = max V" (s) = max E,..[Q" (s, a)].

3.2 Q-learning under Known Dynamics

In this section, we introduce an iterative algorithm to solve (13) for Q*(s, a) under linear
bases. Let ®(s) : & — R" be a set of basis functions. We approximate the solution by
Q(s,a) = ®(s,a)" 0" using Galerkin method. The Galerkin approximation Q(s,a) satisfies,

<T(S, a)+ Ly (max [ (s, a)TH*}) + (1 — B) max [®(s,a) 0] — ®(s,a)" 0%, D(s, a)> =0
(16)
However, directly solving the above equation for 6* is infeasible. We add a time dependence
on 6(t), and derive an ODE for 6(t)

i&(t) =(r(s,a) + Lyx < max [D(s, G)Te(tﬂ)

dt
+ (1 — ) max [@(s, a)TQ(t)] — ®(s,a) (1), O(s, a)>
Discretize the time evolution, one has

Ony1 =0n + <7"(s, a)+ Ly ( mfux[CI)(s, a)TQn]>

(17)
(1= B) max[®(s,0) " 6,] — ©(s,0) ", @(s,a))

We establish the properties of the proposed algorithm in two steps. First, Theorem 3.2
shows that, under Assumption 2, the Galerkin solution 6* defined in (16) provides a good
approximation to the true value function Q*(s, a) defined in (13). Second, Theorem 3.3 shows
that the iterates 6,, generated by Algorithm (17) converge to the Galerkin approximation 6*.

Assumption 2. (A1) The smallest eigenvalue \; of the Gram matriz G = [ ®® " pdsda is
positive. The largest eigenvalue Ay of the Gram matriz is bounded, and the bases ||®||
are bounded. In addition, the largest eigenvalue of Gram matriz Gy, Gy of VP, V2d

!
o
are bounded. Let c3 := max,cgn-1 %, we assume that

cg=1—c3)1 =B >0 (18)

(A2) The functions b(s,a) € C*(S x A),X(s,a) € C*(S x A) satisfy:

CsC1

1
S < 22
663 2

1 c 1
Vbl + = [[V22 ]l € =2, [1blloe + = |V ]| < .
V| +2H | < %a 1]l +2H oo < < %a
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where ¢; := min,cgn-1 e ol Coy = MiN,cgn—1 e Ty
vES INEADIRAL vES V2o T

Several remarks on the assumptions are in order. Assumption (A1) constrains the choice
of basis functions ®(s) and the discount parameter (3, whereas Assumption (A2) imposes
conditions on the underlying dynamics.

In Assumption (A1), the requirement that the smallest eigenvalue of the Gram matrix be
strictly positive is equivalent to linear independence of the basis functions in the weighted
space L?(u). The condition ¢z > 0 requires either a sufficiently small ¢3 or the discount
coefficient [ sufficiently close to one.

The constant cg is one of the key quantities governing both the assumptions on the
dynamics and the performance of the algorithm. When ¢z is larger, Assumption (A2) imposes
weaker restrictions on the dynamics, allowing for more oscillatory systems. Later, in Theorems
3.2 and 3.3, we will show that both the approximation accuracy and convergence behavior
improve when cs is larger. Additional discussion will be provided after Theorem 3.3.

Next, we discuss the regime 5 € (0,1). One observes a positive relationship between the
discount coefficient § and the assumptions imposed on the dynamics. When § is larger, i.e.,
closer to 1, Assumption (A2) permits more oscillatory systems. In contrast, when § is closer
to 0, the optimal control problem becomes less discounted, and Assumption (A2) requires
stronger regularity conditions on the dynamics. This type of trade-off is also common in
infinite-horizon discounted optimal control problems. However, our assumption requires /3
to remain within a moderate range and not be too far from 1. This assumption is mainly
technical and may potentially be relaxed with a more refined analysis, which we leave for
future work.

We next discuss the constant c3. First, note that cs is always finite. Indeed, for any
v € R? with |lv]ja = 1, |[vT®|> = v"Gv > A, where )\, is the smallest eigenvalue of G. Hence,
C3 S %

Next, consider the special case where the action space A is finite with K = |.A| actions.
Let p(s) = Zf; 1(s,a;) be the marginal distribution over states, and define the conditional

_ K(s5,04)

distribution pu(a; | ) = O which corresponds to the behavior policy generating the data.

Define pio(s) = min; p(a; | s). Then,

(maxw%(s,am) <P € s SR eluleds) (19

a;

Therefore,
2
a0l = [ (maxloT o) (sl
1 - 1 .
= () Z’U O (s, a;)|pu(a;]s)p(s)ds = max HU q>|
Hols p p

f10(5)

2

)

which implies

o <y fmax (). (20)



Note that the RHS of (20) is minimized when the behavior policy is uniform over the action
space, i.e., pu(a; | s) = 1/K, in which case ¢; < v/K. This suggests that when the behavior
policy explores the action space more uniformly, the proposed algorithm achieves faster
convergence and better approximation accuracy in the presence of model error. Finally, we
note that the bound V'K is generally loose because the first inequality in (19) can be highly
conservative. In practice, the actual value of ¢ is often substantially smaller than K in
this special case.

Assumption (A2) imposes smoothness and boundedness conditions on the drift b, diffusion
Y. Specifically, the bounds require that the magnitude and gradient magnitude of b and
Y are sufficiently small compared with \;, so that the Galerkin approximation remains
stable. In addition, we note that the constants cy, ¢o, c3 are always strictly positive under
Assumption (A1). This is because ||[vT®|| =v"Gv > A for ||v||, = 1. Let A3 and Ay denote
the largest eigenvalues of the matrices Gy and Gy, respectively. Then one can further
bound ¢; > i—i >0, cg > i—i > (. These bounds highlight that the admissible magnitudes of
|b]|cr and ||X]|c2 depend on the sensitivity of the basis functions. When & is smooth and
dominated by low-frequency components under L?(u1), larger dynamics can be accommodated.
In contrast, rapidly varying bases (with large gradients or curvature) require correspondingly
smaller drift and diffusion to maintain stability.

It is worth emphasizing that our assumptions are primarily for theoretical guarantees and
are not sharp. In the numerical experiments, we show that even when these conditions are
violated, the algorithm still exhibits stable convergence in practice.

Before we present the theorem, we first prove a Lemma that will be frequently used in
the theoretical guarantees.

Lemma 3.1. Under Assumption 2, for any Q = ®'0 in the linear space spanned by ®, one
has the following upper bound,

65/2

1= 81 + £35@] < QI where Liof = [of+ 37+ (59)].

Proof. First note that

||(1 - B)Q + EZ,zQH

1 1
<t =Bl + (HVbHoo +3 HVQEHOO) QI+ (tlle + IVENIVRI + 5 2] [ V€

1-—
< ‘73||Q||+ (||Q||+c1||V<I>T9||+c}|V2<I>T9H)

05/2

— s C_ﬁ _
—21Ql+ 52 Q= L]

where the first inequality is due to Cauchy—Schwarz inequality; the second inequaltiy is
by Assumption (A2) and definition of ¢; the third inequality is because Q@ = 67 ® and for
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V0 # 6 € R™, one has

-
alvelo) = mn e

L leT
@ |[V5eOl = i, g

Ivetel <flo e,
Iveerol < [lo" |-

O

We first prove that the Galerkin approximation Q*(s, a) is a good approximation to the
true optimal value function Q*(s, a).

Theorem 3.2 (Galerkin solution accuracy). Under Assumption 2, the Galerkin solution
Q*(s,a) = ®(s,a)"0* that satisfies (16) has an accuracy of

HQ*_Q*

< Comin [[Q" — @0

where Cg = % 1s a constant only depending on P, 5.

Several remarks on the above theorem are in order. First, when the optimal value function
Q*(s,a) can be represented by the bases ®(s,a), then the Galerkin solution is accurate.
Second, one can view ming HQ* — CIDTHH as the model error, that is the best approximation
one can obtain in the space spanned by the bases ®. The theorem shows that the Galerkin
solution Q* achieves, up to a multiplicative constant C¢, the smallest possible error among
all linear combinations of ®. Therefore, whenever the linear basis ®(s, a) provides a good
approximation to *, the Galerkin solution inherits this accuracy and is guaranteed to be
near-optimal within the chosen function class.

Note that, by the definition in (18), one has ¢z < 1, which implies Cs > 0. In the
presence of model approximation error, the accuracy of the Galerkin solution improves as
cg becomes larger. Based on the discussion following Assumption 2, this implies that the
Galerkin approximation becomes more accurate when f is larger or when the behavior policy
explores the action space more uniformly:.

~

Proof. We divide the error e(s,a) = Q*(s,a) — Q*(s, a) into two parts,
e(s,a) = eq(s,a) +ep(s,a), ep=Q  —d'u, eq=d"v, v=u—6" (21)
where u,v € R% u = argming HQ* — <I>T9H. Here eg represents the Galerkin error, and ep

represents the model error.
Taking inner product of the continuous-time Q-function (3) with e, one has

(r+ Los(maxQ) + (1= B)maxQ",ec) = Q" cq)

Taking inner product of v with the Galerkin equation (16), one has
(r+ Los(max Q) + (1 - B)max Q" eq) = (Q",eq )

14



subtracting the two equations gives,
<£b,2(m§ﬂ< Q" — max QM) +(1- f)(max Q" — max Q") 6G> = llecll® + (ep, ec)

Now the LHS can be bounded by

LHS = <maxQ* — max@*, (1 —PBeg + Ezzeg> < M ngx@*

C3
—cg/2 cg/2
Lz/? Hmax _ 1=/ Hmax|eG+eP|H [
3 a
cg/2
s————iﬂi-(Hrnax|eaw\uecu-+\hnax|ePW\neGn)
C3 a a

<(1=¢5/2) (llecl” + ller|l lecll)

where the first equality is due to integration by parts, and the first inequality is by Lemma
3.1. The last inequality is because of Assumption 2/(A1), for any e(s,a) = e’ ®(s,a) with

lelly # 0,

-
| = Ll e <y 282U g — e, (22)
Therefore, one has
ﬁ leall” < (1 = cs/2) llepll lecll + (ep, ec) < (2= ca/2) llerl lec]
which implies
lecll < =2 e
One completes the proof by inserting the definition of ep in (21). ]

The convergence guarantee is derived in the following theorem.

Theorem 3.3 (Convergence of Q-learning under known dynamics). Under Assumption 2,
the Q-learning iteration defined in (17) with learning rate o,, = a € (0, Cg\;

2
to the Galerkin solution 6* defined in (16) in the following rate,

) will converges

16 — 07, < (1 — acphs + 4a®X)) [|60 — 071,

cgA1

By setting the learning rate o = = YR

the error decays as below:

n

e\ 2
10, — 07| < 1— ( f)\;) 160 — 0|2

Several remarks on the theorem are in order. The optimal convergence rate depends
explicitly on the spectrum of the Gram matrix through A\; and \s, as well as the key parameter
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cg. In particular, better-conditioned bases lead to faster convergence. In the special case
where the basis functions are orthonormal under L?(u), the Gram matrix becomes the
identity, so Ay = Ay = 1, yielding the optimal rate. In addition, a larger cg also leads to
faster convergence. Based on the discussion following Assumption 2, this implies that the
algorithm converges faster when £ is larger or when the behavior policy explores the action
space more uniformly.

We emphasize, however, that this convergence rate is derived as an upper bound and
may not be sharp. In practice, the actual convergence behavior can be significantly faster,
depending on additional structure of the problem and the interaction between the dynamics
and the chosen basis.

Proof. Define
Hw):<®%—(&@+%1—B»m?dfe—n@>. (23)

Monotonicity. We first show that # is strongly monotone. Let Q = §'®, P = n'®,
expanding the left-hand side, we have

(H(0) —H(n))" (0 —n)
=[|Q — P|* — (1 — )(maXQ maXPQ P) — <(bV+%E:VQ)(mfo—mgxP),Q—P>
Q= P~ {max@ — max P (1= )(Q — P) + Lin(@— P) )

1—1cs/2 ¢
>Q = PI? = =22 max @ — max P @ - I > Zl@ - PI?

where the first inequality is by Lemma 3.1, and the second inequality is obtained by applying
(22),
HmaxQ — maXPH < Hmax |Q — P|H <cgllQ—P|

Again by Assumption (A1), one has

QPP =) [ / @@Tuw,a)dsda] O—n) >\ 10—l

Therefore, one has

(H(0) ~ )T (0—m) = 0

16 —nll; -

Lipschitz Continuity of H. We verify that H is Lipschitz. Observe

[H(0) — H(n)|| < |[(@7 (0 —n),®)| + HmaxQ maXPH (1= B)®+ L; ||

1_
<GO—n)+ —F

1Q — Pl |®]] < 22|60 —nll,
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where Lemma 3.1 and (22) is applied to obtained the second inequality, and Assumption
2/(A1) is used in the third inequality. Then one has,

|H(0) — H(n)|| < 2X2 [0 — 1],

Contraction Property. For fixed learning rate o, = «, since the Galerkin iteration update
is

Or1 = Ok — axH(0),
and H(6*) = 0, one has

161 = 67[15 = (16, — 6" — a(H(6,) — H(E"))II3
<10 — (13 — 20(H () — H(0)) " (0 — 07) + ?[[H(02) — H(O)]3
By Monotonicity and Lipschitz continuity of H, we have

A
10,1 — 07]1% < (1 = 2mav + a2K2) |0, — 07]2, m = 1205, K = 2),.

First note that since K > m, one has 1 — 2am + a?K? > 0. Second, one chooses 0 < a < %’
then the mapping becomes a contraction. Lastly, by setting o = m/K?, the convergence rate

is optimized as
6~ 0°], < ( 1—ﬁ> 60— 7],

3.3 Q-learning under unknown dynamics

In the previous section, we assumed that the continuous dynamics b, o are known. In this
section, we assume b, o are unknown. In Section 3.3.1, we introduce PhiBE to naturally applly
the algorithm and theoretical guarantees when only the discrete-time transition dynamics are
known. In 3.3.2, we describe how to implement the update rule (17) in a data-driven manner
when the transition dynamics is unknown and only the state-action-next-state-reward tuples
{(84,a;, 8;,1;) }, as defined in (5) are available.

3.3.1 PhiBE setting

When only the discrete-time transition dynamics pa¢(s’|s, a) are available, one can replace
the unknown drift and diffusion b, % in the equation (13) for Q* with the approximated b
and ¥ according to (7), and one ends up with the Optimal-PhiBE-Q equation
Definition 4 (Optimal-PhiBE-Q).

Q" (s,0) = (s, a) + Ly [ max Q*(s,a)] + (1 = ) [max Q" (s, a)], (24)

a

where b, % are defined in (7).
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Substituting (l;, f]) into (14) yields a corresponding operator, whose fixed point corresponds
to the optimal PhiBE solution to (6). Solving the Optimal-PhiBE-Q equation (4), the same
algorithm (17) applies with the approximated I;, 33, Therefore as long as 13, 3 satisfies the
Assumption (A2), the corresponding algorithm

Oni1 =0, + an<r(s, a) + Ly < max|P(s, a)THn]>

(25)
+ (1 — B) max[®(s,a)' 0,] — ®(s,a)' 0, ®(s, a)>
recovers the same limiting behavior as established in Theorem 3.2 and Theorem 3.3.
Corollary 1. Under Assumption 2/(A1), and for Ye > 0, if
1 1 1 C1 1 Co
bloo + =|VZE|le € — — €, [[bljoc + =[|[VE]le € — — €, =||Z|lc < — —€, (2
Vbl + 5 IV7Ele < o =€ ol + IV € 55— 5Tl < o2~ (20)

and At small enough, then the Galerkin solution Q*(s,a) = ®(s, a)Té* for Optimal-PhiBE-Q,

<7"(3, a) + Ly 5 <m3x [(I)(s, a)Té*]) +(1-75) max [q)(s, a)Té*} — O(s,a) "0, O(s, a)> =0
(27)

has an accuracy of

H@*(S,a) — Q*(s,a)

< Cq mein H@*(s,a) - @TQH

where Cg 1s the same constant in Theorem 3.2. In addition, with the same learning rate as in
Theorem 3.3, the iterative algorithm 25 will converges to 6* in the same rate as in Theorem
3.3.

Proof. As proved in (Zhu et al.; 2025), ‘ VF(b — b)H < CAtwithk=0,1,
CAt with k= 0,1, 2. Therefore, for sufficiently small At, one has

V%E—iw <

o0

N 1 o
IV = Vbl + 5 V?E = VZ2l|os < €
then by the assumption (26), one has

N 1 N 1 A 1 A 1
Il + 51V Slloe < Vbl + SIV*Ellos + VD = Vbl + FV°8 = Vo < .
3

Similary, one can prove with the same At,

N 1 ~ C1 1, - (&)
boo —VEOOS—, _Eoo<__7
[+ 519l < oy Sl < 22—
Therefore, the approximated b, sastisfies Assumption 2/(A2), then the guarantees in
Theorems 16 and 27 follows.
]
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3.3.2 Data-driven algorithm

When only discrete-time off-policy data (5) is available, our goal is to approximate the
optimal action-value function Q*(s, a).

Following the algorithm (25) introduced in last section, we approximate the optimal-Q
function Q*(s,a) using the bases ®(s,a) = (¢1,...,¢,) . In each iteration, given Q,(s,a) =
d(s,a)"6,, one first computes

Va(s) = max Qy (s, a).

Then a mini-batch B,, C B is sampled, and for each tuple (s;, a;,r;) in the mini-batch, the
TD-error is computed as

(84, 875 @iy i) = 1+ Ly, 5, Va(si) + (1 = B)Valsi) — Qn(s, a), (28)
which serves as an unbiased estimate of the PhiBE residual. Here Ly 5 is defined in (4), and

S; = Si < (SQ - Sz‘)(SQ - Sz‘)T

bi = ) El =
At At

Finally, the parameter is updated via

9n+1 - Hn + % Z CD(siyai) 5(82'75;76%77“7?)7 (29)

(8i,85,ai,r:)EBR

This procedure is repeated until a satisfactory approximation of the Galerkin solution
for Q*(s,a) is obtained. A rigorous analysis of the sample complexity is left for future work.
The algorithm is presented in Algorithm 1.

Algorithm 1 PhiBE Q-learning Method

Input: Batch size |B,|, initial value 6y, discrete time step At, discount (3, state-next-
state-reward-action tuples B = {(s;, s}, 7, a;) },, basis ®(s,a) = (¢1,...,0n)", steps Nier,
step-sizes {a, }
Output: Estimated parameter Oy,
0 <« 90
for n=0,..., Njtee — 1 do

Compute the optimal state-value function V(s) + max, ®(s,a)'0

Sample a mini-batch B,, C B, and compute PhiBE-Q error for each (s;, s}, a;, ;) € B,

and Q-function Q(s,a) = 07T ®(s,a)

/

At

VsV (s:) 4 55 (s — si) (s, — )T+ V2V (s;)

5(31',3;76%,7“1‘) =

Update parameter: 6 < 6 + \g’_Z\ Z(si,s’.,ai,n)eBn D(si,ai)0(si,a4,1;)
end for '
return Q(s,a) = 0y, _P(s,a)

Several remarks on the Algorithm are in order.
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First, the algorithm can be viewed as a continuous-time analogue of classical Q-learning
(Watkins and Dayan, 1992). The classical approach constructs the TD error as the residual
of the discrete-time Bellman equation (8), whereas our method is based on the PhiBE-Q
equation (24).

Second, the algorithm naturally extends to nonlinear function approximation, such as
Deep Neural Networks (DNNs). One constructs the same TD error as in (28) using the
parametric form Q(s, a;0,), and updates the parameters via

Opni1 = On + i 8(si, 85, ai, ) VoQ(84, ai; 0n).

As in classical RL, convergence guarantees are generally unavailable under nonlinear function
approximation. In practice, stability can be improved by decoupling the target from the
online network. For example, following (Mnih et al.; 2015), one may use a target network
and define V,, = max, Q(s, a;0~), where 6~ denotes parameters from a delayed copy of the
Q-network.

Third, with the continuous-time formulations of Q*(s,a) in (11) and Q™(s,a) in (2),
standard off-policy algorithms DQN (Mnih et al.; 2015) including Q-learning (Watkins and
Dayan, 1992), DQN (Mnih et al.; 2015), TD3-BC (Fujimoto and Gu, 2021), CQL (Kumar
et al., 2020), etc can be directly adapted to solve continuous-time RL problems.

Finally, we would like to mention that this algorithm is typically applied in settings where
max, ®(s,a) "0 can be computed efficiently. The numerical experiment in Section 4.1 provides
one such example. For discrete action spaces, max, ®(s,a) "8 is easy to evaluate; however,
Vo(s) is not necessarily differentiable. To address this, one may approximate the greedy
action a*(s) = argmax, Q(s,a) using a softmax policy 7(a | s) o< exp(Q(s,a)/)\), where A
controls the degree of exploration. This leads to a softmax variant of PhiBE-Q-learning.
Alternatively, one can approximate 95,V (s;) = 3 (V (s; + hey,) — V(s;)), where e, denotes the
kth standard basis vector in the state space and h > 0 is a small finite-difference step size.
Provided that h < At, the additional approximation error introduced by this finite-difference
step does not dominate the overall discretization error.

4 Experiments

4.1 LQR with stochastic dynamics

We consider the linear dynamics with quadratic reward setting,
b(s,a) = As+ Ba, o(s,a) =0, r(s,a)=s"Qs+aRa,

The system parameters are set as A = B = 0.1, Q = R = —1, and the discount factor 5 = 0.1.
In the noise-free case, 0 = 0, whereas in the noisy case, 0 = 0.1.

To generate the dataset, we simulate I independent trajectories {(s;, s}, 7s, a;) }iv,. Here,
s~U(-1,1),a~U(—1,1) and s’ is the resulting next state after applying action a,

p(s' | s,a) ~ N[ es + E(GAM ~1)a 0—2<62AAt —1)
’ A T 2A '
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We represent Qq(s,a) = 0'®(s,a) using quadratic features ®(s,a) = (s%,a? 1), and
initialize the parameter 6, randomly. Note that in LQR, the corresponding greedy value
function admits the explicit representation

02 T
mang(s,a):@Iqu(s), 0,, = (91 92 0, 93) ‘

The step size in all plots is set to a,, = 0.1. Figure 1 shows the evolution of the error
|0, — 6"| for PhiBE under known discrete-time dynamics. We implement the algorithm in (25),
where b E and the inner products are computed explicitly. The purpose of this experiment
is to demonstrate that PhiBE provides an accurate approximation to the continuous-time
optimal control problem and to validate our theoretical guarantees.

Figure 2 shows the evolution of the error |f, — 0*| under discrete-time data, using
Algorithm 1. This experiment demonstrates that the proposed data-driven algorithm performs
comparably to the algorithm with known discrete-time dynamics.

At each iteration, we sample a mini-batch from the dataset, compute the Optimal-PhiBE-Q
residual defined in (28) at 6,

8(s,a,7) =1+ (£ max Qy, )(s) + (1 — 8) max Qy, (s) — Qp,,
and update 6,, according to the PhiBE-Q-learning rule (29).

Semilog Error Plot Semilog Error Plot
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© o
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5 5
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(a) Deterministic dynamics (b) Stochastic dynamics

Figure 1: The evolution of PhiBE Q-learning under known discrete-time dynamics. Subfigure
(a) shows the deterministic setting (o = 0), while subfigure (b) shows the stochastic setting
(0 =0.2). B =11in the deterministic setting, § = 2 in the stochastic setting. In each subfigure,
different curves correspond to the exact known-dynamics update and its corresponding PhiBE
approximation using different time steps At.
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Figure 2: The evolution of PhiBE Q-learning when only discrete trajectory off-policy data
are available with At = 0.1. Subfigure (a) shows the deterministic setting (¢ = 0), while
subfigure (b) shows the stochastic setting (o = 0.2). In each subfigure, different curves
correspond to different batch size used in each iteration. 5 = 1 in the deterministic setting,
[ = 2 in the stochastic setting.

For the known-dynamics setting, the results in Figure 1 show that PhiBE Q-learning
closely tracks the exact discrete-time Q-iteration across both deterministic and stochastic
dynamics. When the time step At decreases, the PhiBE approximation becomes more
accurate. In the stochastic case the long-term convergence trend remains nearly identical
to the deterministic counterpart. The algorithm ultimately reaches the same accuracy level,
confirming that the PhiBE Q-learning update is stable and robust to moderate diffusion noise
in the transition dynamics.

For the off-policy data setting in Figure 2, PhiBE Q-learning successfully recovers the
Q-function from sample trajectories, and its convergence behavior is strongly influenced by the
batch size. Larger batches lead to smoother error decay and significantly faster convergence,
while very small batches introduce higher variance and slower stabilization. Comparing the
deterministic and stochastic environments, we observe that stochasticity causes oscillations
during the transient phase. However, by adopting a decreasing learning rate in later iterations,
the method avoids persistent oscillation and converges to a similar final error plateau. These
results demonstrate that PhiBE Q-learning remains effective even with off-policy data and
stochastic dynamics, achieving reliable convergence across different sampling regimes.
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Figure 3: The evolution of PhiBE Q-learning when only discrete trajectory off-policy data
are available compared with RL Q-Learning under same batch size = 64. Subfigure (a) shows
the deterministic setting (o = 0), while subfigure (b) shows the stochastic setting (o = 0.2).
In each subfigure, different curves correspond to whether the method is based on PhiBE. We
set At = 0.1, § = 2 in this setting.

To further demonstrate the effectiveness of our method, we also evaluate the standard
Q-Learning algorithm using the same data and experimental configuration. As shown in
Figure 3, the Q-Learning method iterates converge with a larger error. Therefore, the
experimental results clearly confirm that our approach is significantly more robust than the
standard Q-learning in the continuous setting.

5 Conclusion

In this work, we propose a continuous-time Q function, enabling off-policy data usage in
continuous-time RL settings. By introducing an time-evolutionary equation and leveraging
the Galerkin projection, we develop a stable iterative scheme for solving continuous-time
optimal control problems in a model-free way.

We further establish convergence guarantees for the proposed algorithms under linear
function approximation. The resulting stability conditions are independent of At, allowing our
method to learn robustly from discrete trajectory data. Numerical experiments demonstrate
the effectiveness of the proposed algorithms and highlight their superior convergence behavior
compared to standard Q-learning, which may diverge in similar continuous-time settings.

Several promising directions remain open for future investigation. First, from a theoretical
perspective, some of the assumptions used to establish the current guarantees may poten-
tially be relaxed. While this paper focuses on convergence and convergence rate analysis,
establishing theoretical sample complexity bounds is an important next step. Second, extend-
ing our methodology to large-scale problems via deep neural approximators presents both
opportunities and challenges in expressiveness and stability. Third, incorporating exploration
strategies and safety constraints would broaden applicability in real-world control systems.

Overall, this work provides a principled and data-driven foundation for continuous-time
reinforcement learning for off-policy data, and we believe the proposed framework will
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facilitate further developments toward scalable and reliable continuous-time decision-making.
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